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ABSTRACT

Using the system of equations corresponding to the classical theory of orthotropic
cylindrical shells, the free vibrations of thin elastic orthotropic cylindrical panel with rigid
- clamped edge generator are investigated. In order to calculate the natural frequencies
and to identify the respective natural modes, the generalized Kantorovich-Vlasov method
of reduction to ordinary differential equations is used. Dispersion equations for finding
the natural frequencies of possible types of vibrations are derived. An asymptotic relation
between the dispersion equations of the problem at hand and the analogous problem for

a cantilever rectangular plate is established. An algorithm for separating possible
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boundary vibrations is presented. As an example, the values of dimensionless
characteristics of natural frequencies are derived for an orthotropic cylindrical panel.

Key words: free vibrations, eigenfrequencies, cylindrical panel, eigenfunctions.

INTRODUCTION

It is known that, at the free edge of an orthotropic plate planar and flexural
vibrations can occur independently of each other (Norris A.N. 1994) —( Gulgazaryan,
G.R., Gulgazaryan R.G., Khachanyan A.A. 2013). When the plate is bent these vibrations
become coupled and giving raise to two new types of vibrations localized at the free edge:
predominantly tangential and predominantly bending vibrations. The transformation of
the one type of vibration into the other occurs at the free edge of a thin cylindrical elastic
panel. For these vibrations a complex distribution of frequencies of natural vibrations
occurs depending on the geometrical and mechanical parameters of finite and infinite
cylindrical panels (Gulgazaryan, G.R., Gulgazaryan R.G., Khachanyan A.A. 2013)-(
Ghulghazaryan G.R., Ghulghazaryan L.G. 2020). With the increase of the number of free
edges of a cylindrical panel the distribution becomes increasingly complex (Gulgazaryan,
G.R., Gulgazaryan L.G., Saakyan R.D. 2008) --( Ghulghazaryan G.R., Ghulghazaryan
L.G. 2020). Therefore, the investigation of the edge resonance of cantilever plates and
cylindrical panels with rigid — clamped edge generator is one of the most difficult
problems in the theory of vibrations of plates and shells (Vilde M.V., Kaplunov Yu.D.,
Kassovich L.Yu. 2010). These difficulties are resolved by using a combination of analytical
and asymptotic theories, as well as by numerical methods.

In the present work, for the first time, free vibrations of a cantilever plate and a
cylindrical panel with rigid — clamped edge generator are investigated. Such elements
are important components of modern structures and constructions. Therefore, the
question of free vibrations of these elements is of vital importance and it demands special
attention. It is proved that the problem prevents separation of variables for the given
boundary conditions. It can be proved that such problems for cylindrical shells of
orthotropic materials with simple boundary conditions are self-conjugate and nonnegative

definite. Therefore, the generalized Kantorovich-Vlasov method can be applied to them
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(Vlasov V.Z. 1932)-(Mikhlin S.G. 1970). As the basic functions the following
eigenfunctions of the problem are used:
wH = 88w, wla=gr = W' laz0r =W =i =W e=0, =0, 0= a =1. (1)

The problem (1) is a self-conjugate and has a positive simple discrete spectrum with a

limit point at the infinity. The eigenfunctions corresponding to the eigenvalues

8%, ,m = 1,0, of the problem (1) have the form:

Wy (B cr) = xl{&'mar}+ x«'[ﬁ‘mfx} 2 xgif?mnr}+x4{€mfx} 0=a=lm=10w (2)

- B B
x,(8,a) = chb, cx—ch—cnsl—sh—, sin—=,
Va2 va L

8., .. 8., g
x.(8,,a) = shé,, cx—wzch—asm _a,xE'[E? a) = shf,a— “ ma:’
V2 V2 V2 V2
. g g ) 7}
x40 ) = cosB a —ch _chDS _cz+ sh _asm m®
V2 V2 V2 V2
x,(8,,1)x,(8,,1)x5(8,,1) x.(8,,1)%,(8,, Dxz(8,,1)
A= |x, (6, Dxi(8, Dxy (6,0 4A,=—|x,(8,,Dxi(8,, Dxy(6,.1) (3)
xl.il(ﬁ Ej.’?{ 'I(EFHEJXE[:H?HU x:’—I(E E]xf(EmUXEEHm”
x,(8,, D, (8, Dxg(8,,1) x,(8,, D, (8, Dx,(8,.1)
A= —|x, (8, Dxi(8, Dx; (6,0, A= — |x,(8,, Dxi(8, Dx, (8.,
xlll[g ij (Emijxs(gm” xlll[Emi)x;(amijxé[:gmij

This eigenfunctions with their first and second derivatives define an orthogonal basis

in a Hilbert space L,[0,s] (Mikhlin S.G. 1970 ). Here &,,m = 1,0, are the positive
zeros of the determinant of Vronsky for functions (3) at the point @ =1 Let us define

‘r;[u'fmliﬁmﬁ}}:drr I'fu l[i'mrr]l} der

[ (wm(Bme)) der

oo
¥ m

Bm = (4)

‘rnliumlxﬁ'mrr}} der
Notice that, the derivatives in formulas (3) and (4) are taken with respect to 8, and

ﬁ::;ﬂ =1, ﬁ:l: — 1atm — +oo.

THE STATEMENT OF THE PROBLEM AND THE BASIC EQUATIONS
It is assumed that the generatrices of the cylindrical panel are orthogonal to the ends

of the panel. The curvilinear coordinates (a,p)are defined on the median surface of the

shell where a(0<a<l) and B(0<B<s) are the lengths of the generatrix and the directing
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circumference, respectively; [ - is the length of the panel;and s - is the length of the
directing circumference.

As the initial equations describing vibrations of the panel, we will use the equations
corresponding to the classical theory of orthotropic cylindrical shells written in the

selected curvilinear coordinates @ and g (Fig. 1) (Ambartsumyan S.A. 1974):

/% /%, A%, By, A,
- By é,azl —Bes P —(By, + Bgg) 0”2 I;Z e = Auy,
2%, %, By, ut A%
- B, 2 P2 M g U,
(BIZ 66)§ ﬂﬁ 66 5 2 22 5,32 R 5,3 Rz( 66 aaz

4 3
+ By, ) _u B, 3 Ty +(Bp +4Bys) 27 | = A,
228 | R B 0”0{

(1.1)

3
u* 8116 Us +2(By, +2Bg) 82u3 B, d%uy +”_ Bzza—uj+
B,,

+(By, +4Bg) ——=

ou, B, du; By, Ju, N
opoa’ R da R P R2

U, = Au,

Here, U,,U, and U, are projections of the
displacement vector on the directions & 3pd
[, and on the normal to the median surface of

the panel, respectively; R is the radius of the

directing circumference of the median surface;

u*=h?/12 (h is the thickness of the panel);

A=w’p, where @ is the angular frequency, 2 is the density of the material; B; are the

elasticity coefficients. The boundary conditions has the form (Ambartsumyan S.A. 1974):

Ay By(d, U ) _ 0, ou 4wt 1y,
da B, B R)

o 0f R \dadf R oa
o°u, +i(82u3 1 éu, ]

a=0,l

oo’ op2 R 0B

o°u, , B 4B o°u, L1 o%u,
oa’ B, oadp® Roadp)

B, a4, éu Uy

B, 0°U, +82u3 18u2|
B, o B R|,

2 2 T —Y
B, da® 0B R B,
O°u; By, +4By 0'u;  10°, 4By 10°u,| ou,  ou,

3 2t 2 2 e NN
op B, 0Boa’ ROB* By, Raa’| da  op

$=0
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_u | ou,

u | 2| p=s :u3|ﬂ=s :ﬁ -
p=s

1 B=s

Relations (1.2) and (1.3) are the conditions of free edges for « =0,land g =0,
respectively, while conditions (1,4) indicate that the edge generator =5 is rigid-

clamped.

THE DERIVATION AND ANALYSIS OF THE CHARACTERISTIC EQUATIONS

Let’s formally replace the spectral parameter A by 4,4,and 4, in the first, second,

and third equations of the system (1.1), respectively. The solution of system (1.1) is

searched in the form
(U U, Ug) ={U Wi (6,), Vi W (6,@), W, (6,0)3eX0(0,, 28), M =10 2.1

Here,w, (6,a),m=10, are determined from (2) and u,,v,,yare unknown
constants. In this case, the conditions (1.2) are obeyed automatically. Let us insert Eq.
(2.1) into Eq. (1.1). The obtained equations are multiplied by the vector functions
(W, (0,0),W,, (6,,@),W,,(0,)) in a scalar way and then integrated in the limits from O to

| . From the first two equations we have

BZZ(BIZ+BGG) 2 2| +BzzB12 82a2d }

Bll BGB 1166

(c, +&2a’g,d u, = gm{am +
(2.2)

(Cm +gr$1azgmdm)vm :gml{bm _azgmlm}' (2 3)
From the third equation, by taking into account the relations (2.2) and (2.3), the

characteristic equation is obtained

Rmmcm+gé{cm_bmzz_%ﬂr'n +a [Rmmgm +2|mbmzz]+

22

gaa’d, (b, +%ﬂ;)—a“gmlif}=o, m=1.0. (2.4)
11
BZZ 2 BlZ 2 ’ B22 2 2 2 4866 '

am:__)( __(nm_ﬁm) ; bm:_()( +77m)_B ;dmzl _—ﬂm;

[Bll Bll ? Bll ' ' BZZ

_ 2 4 B 22 ” _% 2 | 2

Cm - Z ZZ + nlm 772m Z + (ﬂ 772m m 77lm ’ ( 5)

Bll Bll
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B — 811822,3”_ Blzzﬂr; B BlZ Besﬂ B BnBzz:B" 122,Br:1 B ZB12 BGGﬁr:w .
1 — - ]

B.:1Bss B,1Bes
Bzz 2 Bzz Bzz 2 BlZ + 4866 2 A i—112
= —— _— "+— ,I = -——=—pf ; i =—I||=1!3!
gm Bll Z 866 m Bll nlm m Z 822 ﬂm 77 m 36649,121
R = a2 )54 2(By, +2866)ﬂ 11 —L g g |- 28 32m; a2 :h_zgri &, :L_
B,, B22 822 12 R6,

Lety,, j=14, be pairwise different roots of Eq.(2.4) with non-positive real parts and
Zoy=-7;, =14 Let (uP,uf,u{’), j=18, be nontrivial solutions of type (2.1) of the system
(1.1) at z=y,,j=18, respectively. The solution of the problem (1.1)-(1.4) is searched in the

form

— §)) 3
u, Z utPw,, 2.6)

Let us insert Eq. (2.6) into the boundary conditions (1.3) and (1.4). Each of the
obtained equation is multiplied by W(0,a) or by w'(f,a), respectively, and then

integrated in the limits from Otol. As a result, we obtain the system of equations

ZS: M {Mw;, —
o0 i
(i 2,2 (J) (i !
= Cn +éEna dp;
= I . m=Loo 2.7)
M, (m) exp(, 1 ja)W;

i =0, i=58

<o) 1 e2a2gg )

B, (i : - - - 5y B
€)] () 21(0) ,, 2K (1) 224D KD 12
_B ay, ﬂr'n_cm —a Im zjbm —&pa dm bm _B ﬂr; )

22 22

(m) _ . 2K(D)
Mlj —Zjbm

B.,B B B B.,B ;
12222 ij + Bzz ﬁr’r,1 _ P» 772 j+ Blz 22 azg;dr(nj)}’ (2.8)

Im
11 BG6 66 Bll 1166

M =z, {ag]” +b{ + azlrfj)(

B : 4B,.B .
M(m) (ij Blzﬁ JC“)+8 [br;”;(jz+a2—12 266 gr(nj)(ﬂr:w)z}
2 (Bzz)

(m) _ () ~00) 24 (DHR()
M =7 (19D +£2d D),

B.,+B B,.B -
Mérln) :ar(nj)_l_ 22( 12 66) 2|(])+ 22 =12 Eriazdr(nj)l
BllBGS BllB66

(m) _ (@)} 2~ (D)
Mﬁj _Zj(bm —a gm Im )’

MM = ¢+ z2a%gd () Mérjn) :ZJ(C(J)_'_&. a g(J)d(J)) j=18.
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The superscript j in parentheses means that the corresponding function is taken at

X = ;- In order to the system (2.7) has a nontrivial solution, it is necessary and sufficient

that
A:exp(_iz,}DetHTi;mujj_l “o, m-i=, 2.9)
= o
T, = HMiEm) Hi4,j=1’ T, = H(_l)i—lMigm) exp(zj)Hij_l,zj =0, %S
. . e (2.10)
Ty :HMii eXp(ZJ)Hizs,jzl’ Tz =H(_1) M i=5,j=1

It is shown numerically that the left side of this equality becomes small when any two
roots of Eq. (2.4) become close to each other. This highly complicates calculations and
can lead to false solutions. It turns out that from the left side of Eq. (2.9) a multiplier that
tends to zero can be separated when the roots approach each other. Let us introduce the
following notations:

[2.2,1=0,s(exp(z)) ~exp(z ) (2, ~2)). [2:2,2] = 6,8([2.2,1-[2.2,])/(z; - 2,).

[2,2,2,2,1= 6, 5(2,2,2,]1-[2,2,2,1)/(z, — 2,) ,

o1 =01( X Xa Xa) = 2 F X2 ¥ M s,

02 =0, (M0 o0 X0 Xa) = X2 + 2003+ JaKa + Xo Xz + X Ko+ Xala,

03 =03(11: 21 X31 Xa) = X002 X3 + X1 X2 Xs + JaXaXa + Ko XaXa , (2.11)

04 =0, (0 X2+ X3 Xa) = X022 X324 ,

& =0y (s 220 230 & =0y (11, 72:00), k=14,

In this case, &, =5, =5,=0. Letf,, n=16, be a symmetric polynomial of nth order
in variables y,x,,xs,7,. It is known that it can be uniquely expressed in terms of

elementary symmetric polynomials. By introducing the notations

fn = fn(0'1,0'2,0'3,0'4); 1?n = fn(51152153’0); fn = fn(gl,gz,0,0) ,

»

n=1

; (2.12)

(2.13)

fi=0y, f,=07 —0,; f,=0; — 20,0, +0,; f, =0, —30{0,+0}; +20,0,—0,;
fs =&, —45,0, +30,67 + 35,5, — 25,5,; f; =0, —56, 5, +65,.G, -G, ,
and performing elementary operations with columns of determinant (2.9), we obtain

Det”‘l’ij(”‘)uiz'j=1 =K?2 Det"mij”?j=l m=10 , (2.14)
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K=0n— 2000 — 1) 00— 2a) (2 — 23) (e = 2) (s — Xa) - (2.15)

The expressions form;are given in Appendix 1. The equations (2.9) are equivalent to

the equations

Det"mij ||?’J_:l =0,m= 1_oo .

(2.16)

By taking into account the possible relations between A ,A,and A,we conclude that

equations (2.16) determine frequencies of the corresponding types of vibrations. For
A =4, =4, = A,the equations (2.4) are the characteristic equations of the system (1.1), and
the equations (2.16) are the dispersion equations of the problem (1.1)-(1.4).

In  Section 5, the asymptotics of the dispersion equations (2.16) for
&, =1/6,,R—0(transition to a cantilever rectangular plate or to vibrations localized at the
free edges of the cylindrical panel with rigid - clamped edge generator) and for 6,5 —
(transition to a semi-infinite cylindrical panel with free edges or to vibrations localized at
the free edges of the cylindrical panel with rigid - clamped edge generator) are
investigated. For checking the reliability of the asymptotic relations found in Section 5,
the free planar and bending vibrations of a cantilever rectangular plate are investigated

in the next two sections.

PLANAR VIBRATIONS OF AN ORTHOTROPIC CANTILEVER RECTANGULAR PLATE

Let an orthotropic rectangular plate is

defined in a triorthogonal system of rectilinear

coordinates (a,f,y) with the origin on the free

face plane such that the coordinate plane of

coincides with the midsurface of the plate and

the principal axes of symmetry of the material

are aligned with the coordinate lines (Fig. 2). Let s and | be the width and the length of
the plate, respectively. The problem of the existence of free planar vibrations of a
cantileverrectangular plate is investigated. As the initial equations consider the equations
of low-amplitude planar vibrations of the classical theory of orthotropic plates

(Ambartsumyan S.A. 1974)
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o o%u o%u
- Bll 21 o Bae 21 - (Blz + Bes)—2 = /wl;
Sa B Sadp a1
2 2 2 ’
_(Blz + Bee) d = B d % B d U22 = ﬂvuz,

cadp ok P op

Here « (0<a<I) and g (0<p<s) are the orthogonal rectilinear coordinates of a
point on the middle plane ; u,and u, are the displacements in « and g directions,
respectively; B,,i,k=126, are the coefficients of elasticity; 1=w’p, where ois the

natural frequency; and p is the density of the material. The boundary conditions have

the form
Ay By Ay _ow, o[ o (3.2)
ﬁa Bll é,,B|a=0’| aa aﬁ|0{:0,|
By ou Ju| _ou, dul _, (3.3)
B, da B|,, Oa 9B,
u1|ﬂ:so :u2|ﬂ:so =0. (34)

Here conditions (3.2) and (3.3) mean that the edges @ =0,land g =0are free, while

conditions (3,4) indicate that the edge & =Scis rigid-clamped. The problem (3.1)-(3.4)
does not allow separation of variables. The differential operator corresponding to this
problem is self-conjugate and nonnegative definite. Therefore, the generalized
Kantorovich-Vlasov method of the reduction to ordinary differential equations can be
used to find vibration eigenfrequencies and eigenmodes (Vlasov V.Z. (1932))-( Mikhlin
S.G. 1970). The solution of the system (3.1) is searched in the form

(U, U,) ={u, W, (8,0), VWi, (8,2)}eXP(8,Y5), M =Ltoo. (3.5)

In this case, the conditions (3.2) are satisfied automatically. Let us insert (3.5) into
Eq. (3.1). Then, the obtained equations are multiplied by vector functions

(W, (0,2),W,,(8,2)) in a scalar way and integrated in the limits from O to |. As a result,

the system of equations is obtained
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B, +B

By~ (y° +nm)] -2 Ze yy <0,
[ Bll Bll
3.6
BlzB+ Bss ﬂr:] yu_ _(yz _ 66 ( )
22
where né:;t/(@,ﬁB%), 0, and g, prare determined in Eq. (2) and (4), respectively. By
equating the determinant of system (3.6) to zero, the following characteristic equations
of the system of equations (3.1) are found:

Gy = Ryt Byt 4t P e —mﬁ)[ﬁ;,: —%ni}o, m=lio.  (37)

Bll B11 Bll

Let y, and vy, be various roots of Eq. (3.7) with non-positive real parts and
Y. =—Y;,1=12. As the solution of system (3.6) for y=y;, j =14 , we take

BlZ + BG6

AL j=14. (3.8)
22

uld :y? 66 (ﬂ 2) (J)
m ]
The solution of the problem (3.1) - (3.4) can be presented in the form
(u;,u,) (Z U‘“W;(é'ma)exp(ﬁmy,ﬂ)wj,Z‘;lv,(n”wm(Gma)exp(é’my,ﬂ)wj) (3.9)
Let us insert Eq. (3.9) into the boundary conditions (3.3) and (3.4). Each of the

obtained equation is multiplied by wW(6,,«) or by W'(6,c), and then integrated in the

limits from Otol. As a result, the systems of equations are obtained

4 4
Y RMMw; =0, Y RMexp(z)w; =0,
= = m =1+, (3.10)

4 4
> RiPw; =0, ZR(m) exp(z;)w; =0.
1

=1

Rl‘}")—y,+—(ﬂ —7n)s RS =Y, [y,+—ﬁ tao j
22

3.1
BlZ + Bes 1A ( )

RS(m) - yJ __(ﬂm nm) R(m) B ﬂm yJ! i emyjs1 J =la4-
22

By equating the determinant A, of the system (3.10) to zero and performing
elementary operations with columns of the determinant the following dispersion equation
is obtained

A, =exp(=2, = 2,) (Y, — %1)? Det"'ij |||41 =0. (3.12)

I = Rl(in)' b, =Yy + Yo, b =l eXp(zy), by =1, exp(z,) +14[2,2, ];
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I = RéT)v I =YY, + (BllBZZIBr;; - Blzzﬂr'n - BlZ Beeﬂr:w )/(BzzBee) _77;1
|23 =_|21 exp(z ) |z4 :_Izz EXp(Zz) - 21[2122];

= Rs(T) =Yy~ 66 (ﬂ _77m) Ny, =Y+ Yo,
|31 =Ny exp(zl)' 32 :nsz exp(22)+n31[zlzz];I33 =Ny, |34 =Ny, (313)
B, +B B,, +B
Ny = Rérln) =—2 = Y1ﬁr;1 y Ny = = = ﬂr,n’
B, B

|41 =Ny exp(zl)7 |42 =Ny, exp(zz) + n41[2122]; |43 =Ny, |44 =Ny,
Z; = o, YiS, [2,2,]=6,,s (exp(z,) —exp(z,)) /(z, — 2,).

The equation (3.12) is equivalent to the equation

((812 +Bg) / Bzz) Kom (nm)Q(nm)(l+ﬂm exp(2(z, +2,))) -
4(1y, |11n32n42 + 1l 1NNy, ) €XP(Z; +2,) + (il + 10, ) (NN + Ny, ) (EXP(22,) + exp(22,)) + (31 4)

2(1,15, (NgNg5 + Ny, ) + n31n41(|11|22 +1,l, )) (exp(z,) —exp(z)))[z,2,] + 41,1 4n,05 (2,7, I =0.

o BuBufis ~BLA,
Kan )= (ﬂm—n;)( uZelh = Dol —n;J—n;ylyz QUIE)=wav: + o= (B ).
22 =66

If y, and vy, are the roots of Eq.(3.7) with negative real parts, then, at 6,s —x, the

roots of Eq. (3.14) are approximated by the roots of the equation

B B ” 2 '
Kon(7?)= (B - )( = ZzBﬂ 5 12ﬂ”‘—n$}—néylyz=0- (3.16)
22 =66

The equation (3.16) is an analogue of the Rayleigh equation for a long enough
orthotropic rectangular plate with a free side (compare with (Gulgazaryan, G.R.,
Gulgazaryan L.G., Saakyan R.D. 2008) - (Ghulghazaryan G.R., Ghulghazaryan L.G.
2020). Thus, the eigenfrequencies of the problem (3.1) - (3.4) can be found from (3.14).

To find the corresponding eigenmodes, the coefficientsw,,j=1, have to be

determined from the system of equations (3.10) and inserted into (3.9). We can take

R™ exp(z, +22,) + RVR{™ exp(z,) — 2RSVR{MREY exp(z,)
REVRI™ — RIMRI™ exp(2z,) + 2RVRITVRYY exp(z, +2,)

=

RS(T’R‘”‘) exp(z,) — REVR™ exp(2z, + z,) — 2R{VRIVRYY exp(z,)
RIMR™ —RIMRI™ exp(2z,) + 2RIMRIVREY exp(z, + 2,)

(3.17)

2

RIMR™ exp(z,) + ROVR{™ exp(z, +22,) — 2RGVRIMREY exp(2z, + )
RIMRM _ RMRM exp(2z,) + 2RIMRIMREY exp(z, + 2,)

3:

’

(m) _ p(m) (m) (Mpm pm _ pmp(m (m) p(m)
w, =exp(z,), Ry Rii'R%” — R 'Ry R =R "Ry + R Ry
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as solutions to the system of equations (3.10) at a given dimensionless eigenfrequency

characteristic 7,

BENDING VIBRATIONS OF AN ORTHOTROPIC CANTILEVER RECTANGULAR PLATE
Consider an orthotropic rectangular plate with thickness h, width s, and length |

(Fig. 2). Consider now the problem of the existence of free bending vibrations of

acantilever rectangular plate. Let us start with the equation of low-amplitude bending

vibrations of the classical theory of orthotropic plates (Ambartsumyan S.A. 1974)

;/{Bn % +2(By, + 2By, asz;} + By, Z;Jj] = Jug | (4.1)

where o (0<a<l) and B(0<B<s) are the orthogonal rectilinear coordinates of a point
of the median plane of the plate; u, is the normal component of the displacement vector
of a point of the median plane; B,, i,k =12,6 are the elasticity coefficients; x*=h?/12;

A=a’p, where o is the natural frequency; o is the density of the material.

The boundary conditions are given as follows:

2 2 U, B, +4B, O°
é’u23+ié’u23 :aus+ 1o + 4B 8u32| iy (42)
oa B 98 a0l oa B dadp ‘a:O,l
B,, 7%u, N S A , By +4By o°u, | _ (4.3)
B, oo |, OF° B, opoa’|,,

ou,
u =——= =0.
3|,B:so oa s, (44)

Here the conditions (4.2) and (4.3) mean that the edges @ =0,land =0 are free;

while the conditions (4,4) indicate that the edge generator £ =S;is rigid-clamped. The
problem (4.1)-(4.4) does not allow separation of variables. The differential operator
corresponding to this problem is self-conjugate and nonnegative definite. Therefore, the
generalized Kantorovich-Vlasov method of the reduction to ordinary differential
equations can be used to find the vibration eigenfrequencies and eigenmodes (Vlasov
V.Z. 1932) -))-( Mikhlin S.G. 1970). The solution of the system (4.1) is searched in the

form
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Uy =W, (0,2)exp(6,yB), m=1+0, (4.5)
where W, (0,a) is defined in (2). The conditions (4.2) are satisfied automatically.
Substitute (4.5) into Eq.(4.1). After multiplying the resulting equation by w, (6,c) and

integrating it in the limits from O to | the characteristic equations are obtained

Ry = a{y‘* JHBet2B) gz B g ﬂ"}——nm 0, m=L+, (4.6)
BZZ BZZ BZZ
= at=gnii2, (4.7)
9mBGG

where ¢, and g, prare defined in Egs. (2) and (4), respectively. Let y, and vy, be
various roots of Eq. (4.6) with non-positive real parts, y,,; =-y;,j=34. The solution of
the problem (4.1)- (4.4) is searched in the form
u, =Z?:3Wm(9ma)exp(0myjﬂ) w; . (4.8)
By inserting Eq. (4.8) into the boundary conditions (4.3) and (4,4), and after

multiplying the resulting equations by W, (6,«), and integrating them in the limits from

0 tol, the system of equations is obtained

6 6
ZR§T>W =0, ZRgT)Wj =0,
j=3 j=3

] 6 (4.9)
Z 7(J)Wi:O’ ZRéj)szo-
j=3 j=3
m B , m B, +4B ,
R3(j):yj2_B_12ﬂm’ Rij)zy?_ lZB % ﬁmyji
2 2 (4.10)

R =exp(z;), RS =y exp(z;);z,=6,y;5,j=36.
By equating the determinant of system (4.9) A, to zero and performing elementary

operations on the columns of the determinant, the dispersion equation is obtained
4
Ay =exp(=23 - 2,) (Y4~ ¥3)° Det”bij "i,j =0, (4.11)
by =RE’, by, = Ys+ Y4, by =byy exp(z5), by, = by, exp(z,) +by252,] .

b21 = Rg)’ bzz =VYsY, +ﬁr’n BlZ / Bzz’ b23 = _b21 eXp(Z3) b24 = _bzz exp(z4) —b21[Z3Z4];
b31 :eXp(Z3)1 b32 :[2324]’ b33 =1 b34 0; b41 Ys exp(zg) b42 exp(z4)+ Y3[Z3Z4]1 (4-12)
b ==Y, by ==L [2,2,] =6, 5(exp(z,) —exp(z,))/(z, — Z,); Z; = emyjs’ =34

The equation (4.11) is equivalent to the equation
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T _Klm (mﬁ) (1+ eXp( 2 (23 + 24))) - 4y3 blZ b22 exp (23 + 24) +
(b by, +1,0,)(€xp(22,) +exp(22,)) + 2[b;,b,; + Y4 (byyby, + by, Nexp(z,) — exp(z,))[z,2,]1+ (4.13)
4y3b11b21[2324]2 =0, m :1,_00-

Kin(72)= y2y2 + 425 g1y, - (S ](ﬂr;)z- (4.14)

BZZ

If y, and y, are the roots of Eq.(4.6) with negative real parts, then, at 8,5 — o, the
roots of Eq. (4.13) are approximated by the roots of the equation

B B, )
K (72)= V3Y2 TAZEBLYsYs —(B—”j (B =0,m=Loo . (4.15)
22 22

The equation (4.15) is an analogue of the Konenkov equation for a long enough

orthotropic rectangular plate with a free side (compare with (Gulgazaryan, G.R.,

Gulgazaryan R.G., Khachanyan A.A. 2013) — (Ghulghazaryan G.R., Ghulghazaryan L.G.
2020). Thus, eigenfrequencies of the problem (4.1)-(4.4) can be found from (4.13).

To find the corresponding eigenmodes, the coefficientsw;,j=36 have to be
determined from the system of equations (4.9) and inserted into Egs. (4.8). As solutions
to the system of equations (4.9) at a given dimensionless eigenfrequency characteristic
n., It can be taken

R{™ exp(z, +2z,) + R{™ exp(z,) - 2R{VRLY exp(z,)

W, =
T RM_R™Mexp(2z,) + 2RMR™ exp(z, + Z,)

W R‘”‘) exp(z,) - RI™ exp(2z, +z,) - 2REVR{Y exp(z,) (4.16)
) R{™ —R{™ exp(2z,) + 2RR exp(z, + 2,) '

W, = _exp(z,)[R{™ + R{™ exp(z,) — 2RGRL exp(z, +2,)]
5 ’

R{™ —R™ exp(2z,) + 2RIVRIM exp(z, +2,)

— -RM _ pMpm) (m) R (m) (m _ p(Mmpm) (m) R (m)
Ws =exp(z,); Ry™ = Rg3"Ry” —R3"Ryg” ) R™ = Rgg"Ry” +Ry"Ry3”

ASYMPTOTICS OF DISPERSION EQUATIONS (2.16)

1. Asymptotics of Dispersion Equations (2.16) at ¢, —0. Using the previous formulas,

we assume that 7, =7,, =7, =7,- 1hen, as ¢, -0 , Egs. (2.4) transform into

B B,, + B B —
Cp =2y =Byt + RS 2y () —mﬁ)(ﬂéﬁ —ﬂmﬁJ =0,m=1+e0, (5.1)
Bll Bll Bll
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By By /3 ,B”j 72 =0,m=1+o0. (5.2)

R :a2fy4 2(BZLZ +ZB66)
mm 822

BZZ

Here the limiting process ¢, —0is understood in the sense that by fixing the radius
R and D =5,- the distance between the boundary generatrices of the cylindrical panel, a
transition to a cylindrical panel of radius R'=nR and to the limit ¢/, =1/(ng,R)=¢,/n—0
at n—>oois performed.

The equations (5.1) and (5.2) are characteristic equations for the equations of planar
and bending vibrations of orthotropic cantilever plates, respectively. The roots of the Egs.
(5.1) and (5.2) with non-positive real parts, as in Sections 3 and 4, are denoted by vy,,y,
and vy,,y,, respectively. In the same way as in (Gulgazaryan G.R. (2004)), it is proved
that for

en<<L Y=y i#], (5.3)
the roots y* of Egs. (2.4) can be presented as

2=y +a™ed + pMet 4., i=14, m=1+0 . (5.4)

Under the condition (5.3), considering the relations (2.8), (2.14) and (5.4) and the
fact that

M =MD =MD =MD =0(e2), j=12, (5.5)

Eq. (2.16) can be reduced to the form

DethijmijzlzNz(n;)K§m(n;)Det‘lij‘J Det‘b”‘ +0(£2) =0, m=1+, (5.6)

where Det‘lij‘?j:l and Det‘bij‘?j:l are determined by (3.14) and (4.13), respectively, and

N(@72) = (Y3 + YD)(Vs + Y2 )(Ya + Y1) (Vs + Y2),

2
Kan (73) =1 (B n)[ B - B%;jBzz+a2[8%n;+sz+3BuBee+4Bezeﬂ;] ;
22 BZZ Bll BllBBB

BBy "By, B — 2B, By _ By, +Bgs mﬁj(B_l_az %77; + BJ; +3B,,Bgs +4Bg; 'Br'nJJX
B2, Bes B2, By By By, Bes

hnz _ B11Bzzﬂ"_ Blzzﬂr'n _ BlZBBGﬂr;l +a?

Bll " Bll BBB [

B,, +3B
2 " 2 12 66 '
nm_ﬂm U ﬂm j]-l_
Bll BGG (5.7)

2 2
B ) B, +3B ., B
S L
Bll BGG (BIZ + BBB )ﬂm

%’72 _ BnBzzﬂn_ Blzzﬁr'n ~ BlZ Bﬁﬁﬁr,n +3a2
Bu " BnBse
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From Eq. (5.6), it follows that in the limit &, -0, Egs. (2.16) decompose into the

totality of equations

Detl; |“]1 =0,m=1-+e0; Dt |4,1 —0,m=1+0; Ky, (72)=0,m=1+oo. (5.8)

Here the first two equations are the dispersion equations of the planar and bending
vibrations, respectively, as in the similar problems for an orthotropic cantilever
rectangular plate.

The roots of the third equation correspond to planar vibrations of a cylindrical panel.
The third equation appears as the result of using the equation of the corresponding
classical theory of orthotropic cylindrical shells.

If y,,y, and vy,,y, are the roots of the Egs. (5.1) and (5.2), respectively, with negative

real parts, then, at 8,s -, Egs. (2.16) and (5.6) will be transformed into the equations

Det”mij ”?1:1 - ((BlZ + By )/ B2 )2 N? (77nzq )Q(U;)Klm (77; )Kan (U;)Kszm (77;) +

O(2) + Z‘j‘:lo(exp(zj)) =0, m=1 w0 .

(5.9)

From Egs. (5.9), it follows that, for ¢ —0and 6,s—>, the roots of dispersion
equations (2.16) are approximated by roots of the equations

Ky (72) =0,m=1+00; Ky, (173) =0,m=1+0; Ky (72) =0,m=L+w0. (5.10)

The first two equations of (5.10) are the dispersion equations of the bending and
planar vibrations of width enough orthotropic cantilever rectangular plate with free sides
(see Egs. (4.15) and (3.16)). Hence, for small ¢ and large 6,s, the approximate values
of the roots of Egs. (2.16) correspond to the roots of Egs. (5.8) and (5.10) (compare
Tables 1 and 2).

2. Asymptotics of Dispersion Equations (2.16) at 6,,s — . In the previous formulas it
was assumed that the roots 4,7, 15, and 4, (the roots of Eq. (2.4)) have negative real
parts. Then Egs. (2.16) can be reduced to the form

Dethij Hjjzl = Dethij Hij:l.Dethij H:Jﬂ + ijlO(exp(em;(js)) =0,m=1+0. (5.11)

Hence, it follows that for 6,5 — the roots of Egs. (2.16) are approximated by roots

of the equations

Det||mij||ij:1 =0,m=1+w; Det||mij||:3:;j:1 =0, m=1+0. (5.12)
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The first totality of Egs. (5.12) determines all possible localized free vibrations at the
free edge generator of an orthotropic width enough cylindrical panel, or determines all
possible localized free vibrations at the free edge generator of an orthotropic cylindrical
panel with rigid- clamped edge generator.

The second totality of Eqs. (5.12) determines all possible localized free vibrations of
an orthotropic width enough cylindrical panel with rigid- clamped edge generator.

Notice, that if ¢, — 0, the equations of (5.12) have the following asymptotic forms

Dethij “4 T ((Byy +Bgg )/ Byy )" N(172) Ky (7 Ky (72 ) K (73) + O(3), M =140,
o (5.13)

8,4 -
Det|my [, ., = N@2)Ksp (72)Q017) +O(e7), m =140 .

Thus, by taking into account (5.12) and (5.13), we conclude that the dispersion

equations (2.16) for 6,5 — and ¢, — Otake the form (5.9).

NUMERICAL RESULTS

In the Table 1 the values of some 5, roots of the equations of (5.8) are given for an
orthotropic cantilever rectangular boron plastic plate with parameters (Ghulghazaryan
G.R, Lidskii V.B. (1982))

p=2-10kg/M?; E, =2.646.10"N/M?;

6.1
E, =1.323-10°; G =9.604-10°;v, =0.2;v, =0.01 ()

and geometrical parameters |=4;s,=5,s,=15.

Table 1. Roots of equations K, (172) =0 and Characteristics of

Eigenfrequencies of a cantilever rectangular Boron Plate

Det‘bij‘?j:1 =0,5=5 | Detll, ?H =0,5=5
m | e Kan (70) =0; Det‘bijrj (=05=15 | Detll * 0sets
inj= Wijj=o ™
1 1.95473 | 4.25538 0.04886 -
0.04886 -
2 2.74891 | 4.94711 0.08584 0.98541
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0.08584 0.98398
3 | 3.52957 | 4.81097 0.10928 1.00260
0.10922 1.00225
4 | 427693 | 4.75564 0.12794 0.98026
0.12789 0.98012
12 | 12.7680 | 4.78787 0.38733 0.98696
0.38731 0.98696
13 113.8782 | 4.78717 0.42100 0.98696
0.42099 0.98696
14 | 14.9887 | 4.78640 0.45469 0.98696
0.46233 0.98696
15 |16.0962 | 4.78555 0.48828 0.98696
0.48827 0.98696
16 | 17.1935 | 4.78465 0.52157 0.98696
0.52157 0.98696

In the Table 2 somedimensionless characteristics of the eigenvalues 7,

for

predominantly bending, predominantly planar and nonsymmetrical vibrations of an

orthotropic cantilever cylindrical boron plastic panel with the same mechanical

characteristics and the geometrical parameters: R =40;| =4; s =5.00326, s =15.0893. are

given.

In the Table 2 after the characteristics of eigenfrequencies the type of vibration is
indicated: b - predominantly bending, e - predominantly planar, and n for new type

of vibrations. The elasticity modules E;and E, correspond to the directions of generatrix

and directrix, respectively.
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Table 2. Characteristics of Eigenfrequencies for Predominantly

Bending, Predominantly Planar and Nonsymmetrical Vibrations of an

Cylindrical Boron Plastic Panel with | =4, s =5.00326, s =15.0893,

m 0, M =am =0, Mim = om = M = Tam = Tan = Tl
Mam = M M Mam =0; s =5.00326;
s =5.00326; s =5.00326; $=15.0893
$=15.0893 $=15.0893
0.05393 b - 0.05006 b -
1 1.95391 | 0.05127 b - 0.05006 b -
4.25538 n 4.25538 n
0.08710 b 0.98548 e 0.08629 b 0.98541 ¢
2 2.74776 | 0.08638 b 0.98425 e 0.08588 b 0.98439 e
494711 n 4.94711 n
0.11012b 1.00245 e 0.10949 b 1.00167 e
3 3.52810 | 0.10948 b 1.00126 e 0.10887 b 1.00234 e
4.81097 n 4.81097 n
0.12807 b 0.98005 e 0.12805 b 0.98026 e
4 4.27542 | 0.12803 b 0.97991 e 0.12757 b 0.98012 e
4.75564 n 4.75564 n
038733 b 0.98696 e 0.38733b  0.98696 ¢
12 |12.7679 | 0.38732b 0.98696 e 0.38606 b  0.98696 ¢
478787 n 478787 n
0.42116 b 0.98696 e 0.42116 b  0.98696 e
13 |13.8785 | 0.42102 b 0.98696 e 0.42100b  0.98696 e
478717 n 478717 n
0.45476 b 0.98696 e 0.45476 b 0.98696 e
14 |14.9864 | 0.45461b 0.98696 e 0.45318 b  0.98696 e
4.78640 n 4.78640 n
0.48884 b 0.98696 e 0.48884b 0.98696 e
15 | 16.1102 | 0.48875b 0.98696 e 0.48720b  0.98696 e
4.78555 n 4.78555 n
0.52197 b 0.98696 e 0.52197 b 0.98696 e
16 | 17.2065 | 0.52196 b 0.98696 e 0.52038 b  0.98696 e
4.78465 n 4.78465 n
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In the Table 2, the case with 7, =7, =n,=n corresponds to the problem (1.1)-(1.4).
The case with 7, =7, =0 and 7, =7 corresponds to the problem (1.1)-(1.4), where are no

tangential components of the inertia force, i.e., we have the predominantly bending type

of vibrations. The case with 7, =7,=7,7,=0 corresponds to the predominantly planar

type of vibrations.

The following equalities hold for isotropic materials:

i:i:l)’%:%:l—u. (6.2)
Bll BZZ Bll BZZ 2
Hence, in the dispersion equations and the characteristics calculations it can be set

By =By, =1 B, =0, Bg=01-v)/2.

CONCLUSION

Numerical calculations show that the first eigenfrequencies localized at the free
generator of the cylindrical panel with rigid- clamped generator where the normal
component of inertia force is not zero are the frequencies of the predominantly bending
type. Along with the first frequencies of quasitransverse vibrations, there are frequencies
of undamped quasitangential vibrations. With the increase of m, these vibrations become

of Rayleigh type. The analysis of the numerical data indicates that for ¢, —0 free

vibrations of cylindrical panel with rigid- clamped generator decompose into
quasitransverse and quasitangential vibrations, and their frequencies tend to the
frequencies of a cantilever rectangular plate. Numerical results show that asymptotic
formulas (5.6) of dispersion equation (2.16) and the mechanism presented here are good
reference points for finding the eigenfrequencies of the problem (1.1)-(1.4). The first
eigenfrequencies of vibrations of cylindrical panel with rigid- clamped generator depend
on the chosen basic functions satisfying the conditions of free edges at ends. For
0., — », the frequencies of vibrations at free generator of a finite cylindrical panel with
rigid- clamped generator become practically independent of the basic functions and of

the boundary conditions on other edges.

APPENDIX
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The analytical expressions for m; are given below:

m, =Hyl +d,zf +d,y2 +d,; m, =Hf, +d, f, +d,f;
m,, = Hf, +d,f, +d,; m, = Hf, +d,f;

my, :TZf +d4}(13 +dg 7, My, :TF4 +d4F2 +dg; My :Tf3 +d, f_l; m,, =Tf, +d,;

my = Fy® +d, 7" +d, 2 +d; my, = Ff, +d,f, +d,f;

m,, = Ff4+d61?2 +d7; m,, = F f3+d6fl;

my = F)d +d9}(15 +d10;(13 +dpz My, = Ffe +dg f, +dy, f, +dyy;

m,, =Ff,+d,f, +d,f; m, =Ff,+d,f, +d;

Mis = (_l)iilmil exp(z,); m = (_1)i71(mi2 exp(z,) + my[z,z,]);

m; = (_1)i_1(mi3 exp(z,) + m,[z,2,]+ my[z,2,2,]); (7.1)
Mig = (_1)i_l(mi4 exp(z,) + my[z,2, 1+ my,[2,2,2, ]+ my[z,2,2,2,]), | =1,4;

Ng, = 89514 +717(12 + 75, Ng =S fs +71f1’n53 = sz +71,Ng =S fl;

Ney = Hat + 7520 +Vadr Nep = Hf_4+73f_2+747nes = Hf_3+73f1’n64 =Hf, +73;

N, =F@+a’e.) x) +7s2i +7e: Npp = F(1+azgri)f:3 t7s le’

n73 = F(1+ azgri) fZ +7/5 ;n54 = F(1+a2‘9r$1)f1;

Ng = F(L+a’en) 10 + 752 +76s N = F(1+a2‘9r31)f_4 t7s f_2 t e
Ng = FA+a%el) fy + 75T mg, = FL+a%e2)f, +7s;

m, = N, exp(z,); m, = n,exp(z,) +ny[z,2,];

My = N €Xp(2,) + N, [2,2,] + Nylz,2,2,];

My = Ny €XP(Z,) + N[22, 1+ N,l2,2,2,] + Myl 22,2,2,], 1 = 58;

Mg 4y = N5 Mg 4y = Ng My 4y =N, Mgy =Ny,
H=-_a’ &; T = BB, a’: F :%; S— (B, + Bgs)By a2
B, B.1Bes B B,1 B
d, = az[Bllezﬂ”_ BIZZIBr; +4Bt326ﬂr’n _ B, (7712m +g§] )}
B,;Bes By
d, =_%n22m +azﬂr,n By, +4Be (&,ﬁm — BlJ_géaZ[ﬁnfm _ ByBxfn — Blzzﬁr; +4Bezeﬁ,]’
Bll BZZ Bll Bll Bll BZZ

, B B " _ 82 ’ B

d, :_(5mﬂm _Uzzm{ 11822 Bn 125m _ Bes nlzm} 5. :1+48§1a2,
BB, By,
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d4 :aZ(BZZBlz ‘9; + Bz - 2812 ﬂr'n —hﬂfm}
B, B,

B B B,B,,5" —Bp! B, +4B B B 4B
_DPa» 2 2 2 _ BuBxnfy 12ﬂm+a2 12 + 4D :Br’n(iﬂz iﬂnj_ 12 gt g

Im m
Bll B66

Bll BGG BZZ

. B,, B
d, = (77, — Bn )[—mm B ] B —2 B L Sty ni‘m}
Bll Bll

11

B B B
e;(4a2—66</3 f_p+B2 nj
BllBZZ Bll

_%ﬂé\ (772m ﬂmé‘m)i Mim _ﬂ”jv

B B
dio = (72n = B, )( ﬂ"]+—ﬂé(5 —iﬁzm—ﬂﬂzmj—
° i B, B, i B, ' By ’

4B
gri(Bl +—66ﬁ,_§7712m]1
By B

B Zj By, +4Bg;

822 ﬁ ( Mom ﬁ )[_nlm ﬁ”j1

im
BZZ Bll 11

dy, =4 ﬂ( B -

BBy .2 2 _ﬁ_az (BIZ + Bgs )(Blz +4BGB)

7/1: a~e ﬁ,y
Bll BGG " Bll Bll BBG "
B, ., B BB, 3"+ BB S, +4B5 S, B
72:_£ﬂm(5 772m) Va= 22+a2[ 11222 12 266/ m 66 m_ﬁnfm ,
Bll Bll Bll BGG Bll

, By, +4B B, .| B
— ﬂm( m_i mJ‘"inlzm_Bl’
BZZ Bll BGG Bll

yszﬁ(l_'_griaz 12m +%n2m _B _a2 2 BllBZZﬂ”+4BGGIBm )
B B,,B
11 11 11 =66

y,=a

" B ’ B "
y6=(772m ﬁ )[ /8 j—4328;ﬁ m(inlzm_ﬂmj'
11 BZZ Bll
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PE3IOME
CBOBOJIHbIE KONEBAHWA TOHKOIA YNPYTOii OPTOTPOMHOIA
LIWIMHO,PUYECKOI NMAHENN C }ECTKO-3ALLLEMNEHHO FPAHUYHOIA
OBPA3YIOLIE
IYJIrA3APAH [YPrEH, YJIrA3APAH JIYCUHE

Mcnonb3ysa cuctemy ypaBHEHMIA COOTBETCTBYIOLLLEI KNACCMYECKOW Teopuu OpTOTpOr-
HbIX LMAVHAPUYECKUX obonoyek, uccnepytotca cBobogHble KonebaHuAa OpPTOTPOMHOM
TOHKOI  ynpyroi UMIMHOPUYECKON MaHENM C  MECTKO-3aleMIEeHHOW TpaHUYHOM
obpasyrowwmin. [lna pacyeta COOCTBEHHbIX YacTOT M UAEHTUUKALUN COOTBETCTBYHOLLMX
COOCTBEHHbIX MOJ, MCMonb3yeTcA OOOOLLUEHHbI MeToj CBEAEHWA K OObIKHOBEHHbLIM
andpepeHymanbHbIM ypaBHEHUAM KaHToposuya-Bnacosa.

[MonyyeHbl [JUCMEPCUOHHbIE YpaBHEHWA [JJIA  HaXOMAEHUA COOCTBEHHbIX 4acToT
BO3MOHbIX TUMOB KonebaHwui.

YcTaHOBNE€Ha acUMMNTOTUYECKAA CBA3b MeEXAY JUCMEPCUOHHbIMU  YpaBHEHUAMU
paccMaTpuBaemMoi 3ajayvM U aHalorMyHoOM 3ajayn [nAa OPTOTPOMHON MPAMOYrONbHOM
KOHCO/NbHOI nnacTuHbl. [MpUBOAUTCA MeXaHM3M, C MOMOLLbI) KOTOPOrO Pac4ieHATCA
BO3MOHbIE TUMbl KpPaeBblx KonebaHuii.

Ha npumepe opTOTpOnHOW LMAMHAPWUYECKOW NaHenn nonyyYeHbl NpUOAVMEHHbIE
3HayeHuna 6e3pa3mMepHoOIn XapaKTEPUCTUKN COOCTBEHHbIX YacTOT KonebaHui.

Knroyesbie cnosa: (C80b600Hble  KonebaHusA, cobcmseHHble  4acmomel,

yunuHopuyeckuli naHens, cobcmseHHble (byHKYUU.
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